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Linear Regression
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Recap: Maximum Likelihood Estimation

Observe X1, Xo,..., X,, drawn IID from f(x;6) for some “true” 6 = 0,

n

Likelihood function L,(0)=]] f(X;0)

1=1

Log-Likelihood function [,(8) =log(L,(0)) = Zlog(f(Xi; 6))

Maximum Likelihood Estimator (MLE) é\MLE = arg max L, (6)
0



Recap: MLE to learn Gaussian parameters

- MLE: R 1 —
UMLE = - z;ibz
1=

) BN ~ 2
O“"MLE — E Z(xz — ,LLMLE)
1=1

MLE for the variance of a Gaussian is biased

N

E[O’QMLE] 7& 0'2

Unbiased variance estimator:

n
0~ unbiased — m (xz — ,UJMLE)

1—=1



Recap: Maximum Likelihood Estimation

ML “algorithms” we've learned so far:

* Maximum Likelihood Estimation (MLE)
 Fit a Bernoulli distribution (coin flips)
» Fit a Gaussian distribution (u, o)

* Now: fit a linear predictor x — y, where y is a
continuous variable



Maximum Likelihood Estimation

Observe X1, Xo,..., X,, drawn IID from f(x;6) for some “true” 6 = 0,

Likelihood function L,(0) = ﬁ f(Xy;0) fnzr;)ebl c;];(:aa:r?:g rglven

1=1

Log-Likelihood function [,(¢) = log(L,(0)) = Zlog(f(Xi; 6))
Maximum Likelihood Estimator (MLE) ;5 = arg max Ly, (0)
0

- We will use the same recipe as last time, to fit Linear
Regression with MLE

- What part do we need to change?

The MLE is a “recipe” that begins with a model for data f(x; 0)



Regression
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The regression problem, 1-dimensional

Given past sales data on zillow.com, predict: # Goal: learn p(y|x)
y = House sale price from # now we have label y
x = {# sq. ft.} # previously we just had x

Training Data: 2, € R
(24, yi) Fieq y; € R

Sale Price |

# square feet


http://zillow.com

Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

Training Data: eR
(24, yi) Fieq e

Hypothesis/Model: linear
. yi = vw A+ € e K N(0,07)

o
best linear fit 4

Sale Price

w e R slope of line

# square feet - why the noise?

(no intercept for now to make the math easier)


http://zillow.com

Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

Training Data: eR
(24, yi) Fieq e

o
best linear fit 4

S . . Hypothesis/Model: linear

(a R ..

w o' Yy = w6 e KN N(0,02)
(0p)

# square feet


http://zillow.com

The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., # baths, date of sale, etc.} x € R

.. d
Training Data: %: € R

n Yi € R
' g {(x’u yz) 1=1
Sale price i 100 Hypothesis/Model: linear
0 Byp= x’f’w +€ ¢ Sk N (0, (72)
[ —100
—200 x € R4
- : - H
#batzﬁ 14 9 -1 0 1 2 |:| 1 d :
00m; # square feet yER X N weR?
scalar H
dXx1


http://zillow.com

Linear regression with d features

What simple model is this equivalent to?

ve

sqft ) ‘O vER

# baths ~ /
x e R4
O

Y *A 1 layer
O neural
/> . network!*
w e




The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {#t sq. ft., # baths, date of sale, etc.}

.. d
Training Data: %: € R

n y; € R
. g {(xwy’&) 1=1
Sale price i 100 Hypothesis/Model: linear
g , i.d.
° y=ziwteE N N(0,0%)

- ~100
200 Pyl w,0) = /V(XTWaGZ)

_2_1 .

Bball2 -2 -1 0 1 2
athroOmS # square feet

# go back to formula sheet,
retrieve PDF of Gaussian...


http://zillow.com

The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from
x = {#t sq. ft., # baths, date of sale, etc.}

.. d
Training Data: %: € R

n y; € R
: 200 {(x7/7 y’l,) 1=1
Sale grice T w0 Hypothesis/Model: linear
0 gi=ziwde ¢ K N(0,0?)
[ —100
200 PYlT, W, 0) = /V(XTW, 62)
# b 12 <9 -1 0 1 2 1

6_(y_x—rw)2/20-2

athrooms # square feet p(y|x, w, a) = \/W


http://zillow.com

Maximizing log-likelihood

d
Training Data:  %i €R 1 T w)? /20

n y; € R p(ylr,w,o) = e \WTT w)i/ee
{(muyz) i=1 V2mo?

1=1 1=1

# Yay, we have a new likelihood! Now, how do we find MLE"?



Maximizing log-likelihood

d
Training Data:  %i €R 1 T w)? /20

n y; € R p(ylr,w,o) = e \WTT w)i/ee
{(mwyz) i=1 V2mo?

1=1 1=1

a - 1 T2 /252 i take log
Maximize (wr - log P(D|w, o) = lo I | o~ (Wi—z; w)* /20
( t W) (D ) g 1 2

# first manipulate log likelihood to make it easier to work with

n 1 ()’i _ xiTW)2 # what is log of product?
= 2 log exp( — ) logAB = logA + logB
i=1

/27162 20?2




Maximizing log-likelihood

n

imi . Tw)2/002 \H take lo
Maximize (wrt w): log P(Dlw,0) 10g< —(yi—z; w)*/2 ) g

# first manipulate log likelihood to make it easier to work with

# pull out terms that don’t
T 2 depend on i

# we're going to max wrt w, so

# get rid of terms that don’t
depend on w

# We found our simplified LL!
# Now wat do?

# Maximizing a negative?



Maximizing log-likelihood

d
Training Data:  %i €R 1 T w)? /20

n yi €R p(y‘$7w70) = e Y
{(mzayz) i=1 V2mo?

L1 - S| 2 2
Likelihood: P(D|w,o) =] p(yilzi,w,0) =]] o~ (yi—z] w)? /20
1=1 )

. &1 2 /92
Maximize (wrt w): log P(D|w,0) = log (H e~ (wi—z{ w)*/20 )

=1

n
~ : T \2
WM LE = arg mféﬂ E (yz — 4 w)
i=1




Maximizing log-likelihood — minimizing mean
squared error (MSE)

n
~ : T 2
@yrp = argmin ) (y; -z w)
1=1

- Wow, minimizing squared error seems like a reasonable
thing to do to fit a predictor!

- When noise is Gaussian, maximizing likelihood of our linear model is
equivalent to minimizing the sum of squared errors. We get this from
cranking through the math.

- However, if we had chosen a different noise distribution, we’d get a
different estimator. E.g. Laplacian noise -> minimize absolute error

- Which one is better depends on assumptions about our data. Gaussian
has no long tails, mean squared error incurs high penalty for outliers

- TL;DR: Model of data <—math—> what to optimize



Maximizing log-likelihood
# So how do we actually
optimize this / fit our model?

n
WNLE = arg min Z(yz — %TUJ)Q Set gradient=0, solve for w
w
1=1 ;) ]
EYACY
# Recall: w € R4 V. f(x)= 0
W — (%)
1
) :
T, )2 i R
Vi Z Vi =x'w) # Gradient wrt w is a vector of partial derivatives
i=1

n
1 :
=Y 20y, —x/w) V,,(y;—x[w)  #Chainrule V,, f(x)* = 2f(x) - V,, f(x)
i=1
# “Matrix Cookbook” identities (cheatsheet
fodder)

T, —
V,x'w=x

= )20y — 5/ w)(— x)
i=1



Maximizing log-likelihood

Set gradient=0, solve for w

. 2
V,, D 0= xw)
i=1

# Reminder

XTX = inner product or
dot product 1x1

xxT = outer product dxd

& Z 2(y; — xiTw)( —X;) = 0

=1 Ixl1

I x1 d

X1

dXx1

dXx1

& 22 [ — y;x; +xl.wal-] =(

i=1

= 22 [ — Xy, +xl-xl-Tw] =0

i=1

n

Z XiYi =

i=1

-1

( zn: xixiT)

=1 gxd

4%

A matrix

# check dimensions!
_)

0 € R4

# Now for some tricks

xTw = ad # scalar

v
av =vd

# How can we isolate w?

# Take the inverse!



Maximizing log-likelihood

Set gradient=0, solve for w

n
Z XiYi =
i=1

( i xl-xl.T)lw

=1 gxd

A matrix

-1
n n

i=1 i=1

T . AN
XX X;Y; = WMLE

# How can we isolate w?
# Take the inverse!
AA-1=|

# The equation for fitting our model
parameters w to our data

» What constraints does taking the inverse place on our data?
« Matrix must be invertible

*n>=d

* For this model we can analytically derive how to find the optimal weights.
Will not always be true for more complex models



Maximizing log-likelihood

mn
~ : T.\2
WpMLE = arg mlin E (yz —T; w)
i=1

Set gradient=0, solve for w

n —1 n

~ T

WMLE — E Lid; E LY
i=1 i=1




The regression problem in/matrix notation

R < -, We ¥ matrix notation!
WL Ep = arg min E (y; — x; w)
1=

haha gpus go brrrrr



The regression problem in matrix notation

WM LE = argmuijn E (y;
i—1

Y1

Yn

n

-

—T; W

-

Ly

T
Ln

)2

dx1
dx1

dx1

We € matrix notation!

d : # of features
n : # of examples/datapoints

x € R



The regression problem in matrix notation

WM LE = argmuijn E (y;

X =

w

i=1
_yl_
y=/|":
| Yn_
# Previously... y; = x?w + €;
Vi A
1 xd

dx1

-

—T; W

_w,{_

)2

dx1
dx1

dx1

d : # of features
n : # of examples/datapoints

x € R4



The regression problem in matrix notation

n
~ : T, \2
WpMLE = arg mu%n E (yz —z; w)
1=1
-y1 ] _JZ?_ d : # of features
y=|: X — : n : # of examples/datapoints

# Previously... y; = x?w + €; #Now: y =Xw+e€
Vi X; A I X € R™ woo&

1 xXd

nxl1 nxd

dx1

dx1



The regression problem in matrix notation

mn

AN . _|_ 2 |
WMLE — alg Nl Z(yz —Z; w) # How to make matrix-y?

w

=l o

Y1 ZEF{ d : # of features
y=|": X =|: n : # of examples/datapoints
_yn_ _Ig_

#Now: y = Xw+ €

# More identities: &, norm: ||z]|, = \/ 2?:1 F=vVz'z

Let z;= (y;—x'w) Then

Brs = argmin [ly — Xuw|3

— argmin(y — Xw)’ (y — Xw)



The regression problem in matrix notation

— arg min(y — Xw)?! (y — Xw)

# As before, first simplify the function to make it easier to work with

= arg min y'y — yTXw — Gw)’y + Xw)! (Xw)
w
. T
= arg min % — v Xw —(WTX Ty)+ wl XT Xw
w Ixn nxd dX1 1xd dxn nx1
Ix1 Ix1
= arg min — yTXw - yTXw + w! XTI Xw
w

= arg min — 2y’ Xw + w! X Xw

w

# More identities:
(ABC)! = CTBTAT
# Minimizing wrt w, so?
# Check dimensions

sER—> s=s!

# Pretty simple!

# So now what?



The regression problem in matrix notation

= arg min(y — Xw)T (y — Xw) # Take derivative, set to 0!
w

V,[=2y"Xw+w!X"Xw] =0 # Useful matrix gradient identities
(B) (C) A) V. x'w=x

(B) waTAw =Alx

C) V. wlAw = A +AT)w

# Quadratic form

_ T T . If A'is symmetric (A = AT),
- — X' Xw =
ATy 42K X = 0 Then V., wTAw = 2Aw

XTXW o XTy # Symmetric: (XTX)T — XTX

-1
e = XTX)" XTy




The regression problem in matrix notation

mn
~ : T N2
WpMLE = arg mlin E (yz —T; w)
1=1
[y | N d : # of features
n : # of examples/datapoints
y = X = : xamples/datapoi

# More identities: &, norm: ||z]|, = \/ 2?:1 F=vVz'z

Brs = argmin ||y — Xul

— arg min(y — Xw)?! (y — Xw)

—1 # Why LS? “Ordinary Least
~ ~ T T y y
WS = WMLE = (X X) X'y Squares”




The regression problem in matrix notation

n —1 n

~ T

WMLE — E Lid,; E LY
i=1 i=1

'leLE = (XTX)—l XTy




The regression problem in matrix notation

s = argmin|ly — Xuw|l3

= (X'X)"' X"y

What about an offset?

3/\,- = xl-Tw +b # Prediction for a single point

2
(91' - )’i) # Still want to minimize squared error

n

. . 2
wrs,brs = arg min (yz- — (xZTw + b))
=1
:argmi£1||y—(Xw+1b)||§ beR

nxl1



Dealing with an offset

Wrg,brs = argfgigl ly — (Xw + 1b)|3

XTX s+ brsXT1 =XT
T LS+ ALS - T Y # Could think of this as system of
1" Xwrs +brsl"1=1"y equations...

xTx xT1| [w X"y
1Tx 171 [P 17y

b . np_|ina|g_30|ve() # There’s a better way...




Dealing with an offset

=

<

Wrg,brs = argfgigl ly — (Xw + 1b)|3

XX w16 +brsXT1 =XTy

1" X5+ brs171 =17y

— Scalar e R

X 1

N\ ] ~
y=X'®

A ~. —1

oyp=X'X) Xy

# Same equation on modified input matrix
containing all 1s feature



Dealing with an offset

Wrg,brs = argmil])a ly — (Xw + 1b)|3

w?
X' Xwrg+brsXT1 =Xy
1" X +brs1f1 =11y
# It's good practice to pre-process your features to have a mean of zero

If X1 =0 (i.e., if each feature is mean-zero) then

@\LS Z()(T)()—1 XTy

gLS — %Zyz
i=1



Make Predictions

S
t~
05)

I
|
<
>

A new house is about to be listed. What should it sell for?
~ T A 2
ynew — xneWwLS —|_ bLS

# How to normalize features to have mean 0?

# For each feature, calc the mean of the training data and subtract it from each
data point

# So what do | need to do to xnew to be able to make a prediction?

# Subtract the mean of the training data for each feature



Process

Decide on a model for the likelihood function f(x; &)

Find the function which fits the data best
Choose a loss function- least squares
Pick the function which minimizes loss on data

Use function to make prediction on new examples



